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Using (6), (8) and (10) we obtain the form /. f, (a prime denotes differentiation with
respect to D)

f1= ayfele’ + 300" (0=10, e =1}
2, =43 —2)-+ B, a= —nd

fo = 0180108 + By B¥fofo’ + Balfa® + b,8f0" -+ bsfofe™® + belfofo’fo” +
baf ™o -+ bafe’fy” (0 = U)
b = m*Di2 4 (~10n -+ ORIC/EH)

by = (—6n - &)byfn, by = (3n — 2oyt

by = 11n (n — 1)A%2 — nAB 4 D/6 + (29n — 24)nC/(6H)

by = (52 — 4)AB + 5 (3n — 2)(—n -+ 1)AY2 + B? + (3n — 2)(—3n 4
3)C/2H)

bg = 248y, by = 242, by = a,%2
H = (Tn — 6)(4n — 3)

The method of expanding the solution of (1) in a series in selfsimilar components is
widely used, beginning with /8/, but the form of the corrections j,f, was found only for
some particular values of n.
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ON MATHEMATICAL MODELS OF MAGNETIC FLUIDS™

V.A. ZHELNORCOVICH

A system of equations describing models of magnetic fluids (MF) with internal angular
momentum in a magnetic field is studied. Linearized equations and their sclutions in the form
of spin waves and magnetosonic waves are given. The high-frequency magnetic susceptibility
tensor of the fluid is calculated and the frequencies of homogeneous magnetic resonance are
determined. The connection between the spin and acoustic waves in MF is governed by the
presence, in the internal energy of the fluid, of terms with vorticity vector and deformation
rate tensor (determining, in particular, the hydromagnetic energy). Various existing models
used to describe ferromagnetic fluids (FMF) are discussed. Relaxation models of MF are
studied and used to obtain the solutions of problems of plane Couette flow and cylindrical
Poiseuille flow. A new expression for the effective viscosity of the MF is obtained.

Several different models of MF are known. The simplest model /l1/ describes paramagnetic
fluids and certain types of the FMF in quasistationary magnetic filelds quite well. However,
in a number of important cases the above model aannot be used (e.g. at high frequencies of the
magnetic field and for FMF at high volume concentrations of ferromagnetic particles with a
*prikl.Matem.Mekhan.,51,4,690-700,1987
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fairly high energy of magnetic anisotropy). Because of this, other models of MF have received
wide use in which the processes of relaxation of the magnetization and internal angular momenta
were taken into account /2-9/.

1. Equations for the MF. The models of fluids taking internal angular momentum into
account are introduced naturally on the basis of the Cosser continuum. We shall consider the
following system of egquations written in the variables of the universal observer coordinate
system:

d 1 _ 1 7y A
pm_p.gg,,,_vapg‘,ﬁ)-;-_z.(mvaﬂ — HMOM,) 4 Q% (.1
pi (1A1a+1§2a) —f—V’BAaBz PRy Y (B} _p@Um_ LL) L R*

a \gp BATE Taa

B,—pdU, joM%* 4 g0 = L., T =0l jos
div ( - 4nM) = 0, rot H == 0, dp/dt + p divev = 0
d d 1
0T 22 = — 05 g% 4 1oy - L* (p 77 Ma— [0 M]a> —~ R (Q, —0,) — APV,Q,
{Maxwell's equations are written without taking into account the conduction and displacement
currents, i.e. in the magnetostatic approximation). The components of the vector of volume

density of the momentum of the fluid gg,,) and stress tensor pgﬁ) in (1.1) are given by the
relation

apU,
E(am) =tV n (1.2)
B HVﬁvu
b B 8, v ap=> 1 aph wrB 8 ra
(my = — P& —pavﬁv7~ R —}—_2-(-8 By - MELF — MPL%)

au 8u. 1
=pmy oy _m.. 1 pyop
i a TP oM 2 o

In (1.1) and (1.2) ¢* are the components of the vector of external mass forces acting on
the fluid (e.g. the force of gravity), B, are the components of the magnetic induction vector,

* are the components of the velocity vector of the individual points of the fluid, p 1is the

mass density of the fluid, d/dt denotes the total derivative with respect to time ¢, Uy denctes
the covariant derivative calculated relative to the universal observer coordinate system with
variables 2% (x=1,2,3) and metric tensor determined by the covariant components g%, Q, are
the components of the internal rotation vector (the angular velocity vector of the orthonormal
bases of the Cosser continuum}, @, are the components of the vorticity vector, e, are the

components of the deformation rate tensor, s is the specific density of the entropy, T is
temperature, g, / are given constant coefficients, P are the components of the levi-Civita
pseudotensor, and Um is a given differentiable function of the parameters p. s, M,. Vgv, (re-

presenting part of the internal energy of the fluid). 1In the case when the function U, does
not depend on the velocity gradients, the equations discussed here were obtained in /3/ with
help of the variational equation. The lLagrangian A c¢orresponding to Egs.(1.1l), (1.2) has
the form
1 1 1 H
A= .,2_91;‘ ~ = B4 B,M% 4 ?M“Qa +5 pIR —pU_ (0,5, My, Vo)

The relaxation term R* of the equations of angular momentum in (1.1), the relaxation term
L* of the magnetization equation, the components of the viscous stress tensor 1%, the
components of instantaneous stress tensor 4% and the components of the heat flux vector ¢*

governing the dissipative processes in the fluid, can be determined (according to Onsager) by
the relation

= 20, %= — xRy, e it 73 0 (1.3)
d1
L% == eﬁ‘ﬁ(pa?_p_MB — [0, M]B) R = — %P (Q — wy)

in which the coefficients 1988, o%f0 ,0f 3B %8  ,ro chosen so as to ensure that the internal
generation of entropy is not negative; all these coefficients can be functions of the defining
parameters of the fluid and field. 1In particular, in the isotropic case we can assume that
the quantities 8% ;% are

0P — 8 (g*% — n%nf) 4 enn"‘nB +9.e°‘p’”n,‘ {1.4)
qr__ 11 08 a.B b8 1 caph,
r ?[?(g o) 3 ol o
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where 6,0,,6,, 1,7, 7% are scalar coefficients with a dimensions of time (relaxation times) and
n* = M*/ M| are the components of the unit vector directed along the fluid magnetization
vector.

If 1/g+0 and the coefficients 6% are independent of @, then the third equation of
(1.1) will enable us to eliminate the internal rotation vector from the remaining equations.
In particular, after eliminating Q the equation of angular momentum takes the form
d

7

(%M“ —Igp H*"‘) A (gzau""thHe"> =g [M, H*" -+ g™ (Hg* + g1wp) {1.5)

where H'® are the components of the effective magnetic field vector

aU d 1
H* _ g*_ _m_ezxi( a1,
p@/lla pdt 3 B [(D'M]B

In some theories expressions (l1.3) for R% L* are replaced by the following Onsager
relations:
o _ ga’ d 1
L%=0 (p;l.FMﬂ—[Q, M]B) (1.6)
R*— ¢ *MpL, = — r*3 (g — wp)

If the quantities oU./dM, are proportional to M* then the quantities L® can also be
found using the expression (without changing the internal generation of the entropy)

@ _ el d 1 _ )
L* 9 <meMﬁ g[JI,H]B) .70

The basic difference between the equations discussed here and the corresponding equations
for isotropic fluids /9, 10/ is connected with the fact that thermodynamic fluxes R* L* are
expressed by (1.3) instead of (1.6), (1.7) and the expressions dM/d: — (@, M} in /10/ or dM/dt —
g[M, Hl in /9/ for the thermodynamic forces are replaced by the expressions aM/dt — e, M] .

Egs.(l.1)-(1.3) describe the models of viscous compressible and magnetizable fluids
possessing the internal angular momentum

K% = gIM%* | pIQ*
In the real FMF the internal angular momentum is determined by the ferromagnetic single-

domain particles dispersed in it, which have a natural, spin-generated angular momentum KX,
(related to the magnetic moment of the particles), and the moment K, governed by the mechanical

rotation of these particles. As was shown in /11/, the angular momentum K; determined by
the rotation of the domains is several orders of magnitude less than the spin moment of the
domains in FMF. (Kgq= 10" K, for domains of diameter ~10~* ¢cm., even at large angular vel-
ocities Q¢ ~ 10° sec™l of the domains.

Egs.(1.1)-(1.3) considered here can be used to describe the FMF in high-frequency magnetic
fields, and they sharpen the Neuringer-Rosenzweig equations /1/ in the quasistatic field by
taking into account magnetic relaxation processes in the FMF.

In the general case, the internal rotation vector € in (1.1)-(1.3) cannot be connected
with any real relations in the medium (including the FMF) when we have the spin momentum g'M.
Indeed, e.g. when I=0, Egs.(l1.1)-(1.3) can be used to describe paramagnetic or diamagnetic
fluids. Here it is obvious that in such fluids the vector 2 is different from zero, but does
not describe any real rotations in these media.

If we use the theory of FMF to determine the vector Q, with the spin resulting from
averaging the angular velocity vectors of the particles in FMF, as is done in /9, 10/, then
passage to the limit in the equations of /10/ for the isotropic FMF corresponding to freezing
the particles into the fluid (as v —0 in Eq.(2.33) or (2.36) inthenotation of /10/) yields,
for the spin angular velocity vector gM, not the precession equation (the Landau-Lifshitz
equation) which should be the case, but a special relaxation equation. This shows that the
equations for the isotropic FMF with a spin given in /10/ and discussed here, based on the
concept of Q shown above, are incorrect from the physical point of view.

2. Linearized equations. Let us investigate the isentropic motions of a fluid
described by Egs.(l.1)-(1.3), corresponding to the function Un of the form
PU,, = pU 0 (p, M)+ 20M2 + yM% w0y + Vg viM*MPeyg + YgvaMte @)
where Al==(MﬁM“W’ is the modulus of the magnetizability vector and Vi, v;» ¥ are given con-

stants. The coefficients 6%, /*® in (1.3) are found from Egs.(1.4) in which <, 1=90,=0, and
we adopt the following expressions for 1®f8 ,o 28,

O (%P0 4 g%0gfh) 4 2 g@Bgh0 2.2)
au.BM) — Dg’ ,gaﬁgm
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where 1, © are the coefficients of viscosity and D is a constant. In the case in question
the components of the momentum density vector g7, of the stress tensor »&|, and of the
effective magnetic field vector #H** in Egs.(1.1l), (1.6), are determined as follows:
HY® = H™  yi 0% yo — vy — vaM et — PER
08 (@it - - [w, MY, + Mgey?)
oy = 06% — 1 Y TOU*M 4 1y ¥y (MM - v M2
P = — g™ 1y, yePMM, Vo 1)y wMBMMW s, 1y a2l

w (V5P TPy 4 ag®B Vb Ly (e, - ML MBIy

For the magnetic susceptibility X and pressure p in the definitions (2.3) we have

B ( P aumﬂ)—l e o, ° - .
=\ gr) o P e M i e MM Py 1y vadie N — 3y MO, 2.4

Wwe will further assume that the observer coordinate system with variables 2™ is Cartesian.
Let My, Hy, po, vp= U be constant values of the parameters of the fluid in the state of equilibrium.
Assuming that the functions M (% 5, ¥ % 1, p % 6, v (&% 0 vary very little relative to their

equilibrium values,
M=My+pn H=Hy-+h, p=py+p

we obtain the following expression for the function U,° up to second-order infinitesimals:
OU,,° == Yo pitagtos® 4 1z PPy + br%prgon -+ Pan "y -+ Apy -+ const (2.5)

Here
ov ¢ au_e
9B . 8,67 4 Byn®nl x(__’li. . %)
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The symbol ( )o means that the expressions in parenthesis are taken at the equilibrium

values of the parameters.
Taking into account relations (2.1)~(2.5), we linearize equations (1.1), (1.6) from which

the function Q (z%:) has been eliminated with help of the equation for magnetizability in

(1.1)
8 (u® — polg®h*®)at 4+ DARY - My%3, 0™ = g [Mo, h*]|* + g2r®B(hg* + £y (2.6

(@106} {pow™ — 1o ¥ 10U —+ 9y [Yavi (MoB* -+ Mo} + veMPpgd™]) =
— Ppy b pAY® | (A b ) 8%0g0B L MRy 0y [OM* (uPjar —
[0, MolP) — 8MF (0p%j0t — [0, Mo]*) — g% P ryy (B0 4 g710%)
rot k== 0, div (b -+ 4np) = 0, 8py/dt -} pg div v == 0
Here
B = B %y — ya® — v M, " e vy M 0y — bn%py —
[0 (8% — n%n*) + 8, n%nt] (3R, J0t — [0, Mol -+ M, ° 3,0F)
P = (89> -+ bMo) p1 -+ [0ob + Mo (B1 -+ Ba)] n%py + M0, +
VlMOaMOB"aB + va M2 8, 0%

3. Spin waves. Let us consider the spin waves in MF in the linearized formulation, i.e.
the small adiabatic oscillations in the magnetization of the fluid, neglecting the acoustic
waves. In accordance with the formulation of the problem we shall write the initial equations

in the form
roth =20, div{ - 4np) =0 3.1)
8 (% — polg?h*®)/at -+ DAK®® = g [M?, W¥)% - [1-3 (8% — n%nP) -
t]ln"'nﬁ] he*
A% = B — By — (8 (8™ — n%nP) + 0 nn] oy, 0t
Assuming that
W=y oxp [i {— @t + kgz™)]s b= hyoxp [i {— 0 + k,2%)]

where © is the frequency of the wave and k, are compenents of the wave vector, we obtain from
(3.1)
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B = 1%hg, % = — kMg (3.2)
We define the components of the high-frequency magnetic susceptibility tensor x*# by
the relation
A% = 428%8 - xan®n® 4 iyan, e¥PH (3-3)

=X+ Xy xs= X_— X, 3.4
Xy =By — 100+ o (/v — iDE* + gM, + wpelg?) 2t
Y2 = —% + [f; + By — 108y + o (i/v | — 1DE* + wplg?)]™

The following dispersion equation for the spin waves follows from Eqs. (3.1):
B+ 4ny® kokg =0, or B+ 4n [xh2 + %, (k0] = 0 (3.5)

In the non-dissipative approximation (when 8=8; =D =11= v =0) the dispersion Eq.(3.5)
yields the following expression for the frequency of the spin wave (which depends only on the
direction of the wave vector and is independent of its modulus):

_ gM, [ . 4nB, sin? P ]'/*
o=t T [P TG T B — G cory (TF 1 (B F PO he 3-8
Here ¢ is the angle between the wave vector and the vector My, = pylg.
Let us now consider a finite volume of the MF bounded by an ellipsoidal surface in an
external (lateral) variable magnetic field varying with time according to the law ¢
We shall assume that the wavelength of the lateral field is much greater than the
characteristic dimension ! of the fluid ellipsoid, so that the field can be assumed to. be
homogeneous at distances of the order of I. In this case a homogeneous magnetic field is
generated within the fluid and the magnetic resonance frequencies are given by the equation
det (1 + 4nNy) = 0 @7
where 1 is a three-dimensional unit matrix, N is the matrix of the components of the tensor
of demagnetizing coefficients, and % is the matrix of components of the high-frequency
magnetic susceptibility tensor calculated without dissipation: 9=6;=D=+1= Tt=0.
Assuming that the principal axes of the fluid ellipsold are directed along the axes of

the coordinate system (N = diag (N3, Ny, N3)). we obtain from (3.7) the following expression for the
resonance frequency:

4nN
Oy = EM, (515:)’/', Ek =7 +pi;;( 1+t4ﬂNk) (3.8

If My=N,=N (e.g. for a sphere N=+*; and for a cylinder N=1,), then & =§ =% and

the formula for o, becomes
W, = gMyt 3.9)

We see from expression (3.8) that the frequency of uniform magnetic resonance depends on
the coefficient I determining the energy of internal rotation. Estimating the quantity o, for
the FMF we find, that taking into account the internal rotation energy can appreciably reduce
the resonance frequency o, as compared with its magnitude in the corresponding magnetic solids.
This is in qualitative agreement with the experimental data given in /12/.

4. Magnetoacoustic waves. We shall consider Egs. (2.7), (2.8) in the non-dissipative
g
approximation, i.e. for 8% = ™ =D=2%=p=0 We shall seek a solution of these equations in
the formof a harmonic wave propagating along the vector of constant magnetization of the fluid
K* = kn®. In this case Egs.(2.7) yield
W =Ry (g h% = —dmn® et o= po kg (4.1
{— 10ped®® - k2 n®nP [ipy (i + Mob) @1 — M3 (v + va)]} v +
{1y Mv1k@d®® - n®nPkMo-[(Yz vi + va) © + i (pobMy! + dn + B + Bo)] +
Vs kye®tny ) pg =0
where the components 3* are given by Eq.(3.3) in which we must put o =0, =D=T1l= Tt =0,
and for {** we have

;GB - clbaﬁ + c'nanﬂ 4 iCﬁ“B"nL
L1 = Yok (— iM% + YXa), &8 = Yok (—iMoviks + V02)
L= —l —k ( + XMy (v + v) + 071 (peb — Mo/(peleM)]

The dispersion equations for transverse waves follow from (4.1)

B1 - e (v* + vaMg?) &2
o= Mog po+f:};’[ :+"/‘(‘};+V1M0')k’] {4.2)
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putting »* = (0,0,1) we obtain the following expressions for the transverse waves
described by the dispersion Eq, (4.2):

o = 0, p® =t p2, o), 0% = (o1, 2, 0), 8% = 0

and the quantities p,v are connected by the relations

P e 0, pl ot = 0 (4.3
ot TF wt = Yotkpe™ (viM, 4 i)t F w®)

The signs in expressions (4.2) and (4.3) are matched. If vy = ¢y =0, then the dispersion
Eqg. {4.2) will determine the frequency of the spin wave
g = FTMogBy (1 + polef)™ (4 4)
for which o= 1*=¥=0. Thus the propagation of transverse acoustic waves through the fluid
is due to the presence in the energy Um of crossover terms with Mg, @4, ¢4, and, in partiuclar,
the gyromagnetic energy yM%a,
The solid line 1 in the figure shows schematically the
dispersion curve of the transverse waves. The dashed line 1

w shows the dispersion curve for I == 0. with o’ = — MgB,, By ==
S — Myl (polg).

s - Egs.{4.1) also yield a dispersion equation for a longi-
Gl e o e = tudinal wave
B T —— == of = a3 (1 + R, o = T@M? (vy + v A 4.5
@, = 7 a® = ag + Mob + pgt (Mo — po?18%0)lpod + M, (4 + By + Bl A

P =1 - pylg? (m + By + Bl
,/"’ If »% =0, 0,1, then the following relations hold for the
’ longitudinal wave:

v = (0, 0, v, u® = (0,0, ), k¥ = (0, 0, ~dnp)
= ko lh {Mo — pofg* (pob -+ 1Mo (v + V) @i}

The dispersioncurve of the longitudinal wave is shown in the figure with the solid line
2 {the dashed line 2 corresponds to I =0, o ,* =ae and o* is placed on the graph arbitrarily).
We see from Eq.(4.5) that the velocity of the longitudinal wave depends, in general, on
the frequency of the wave (i.e. there is a dispersion of the velocity of sound),

5. On the effect of an increase in the viscosity of MF in a magnetic field.
Below we discuss relaxation models of MF within whose framework the scolution of the Couette
and Poiseuille problems are given. The problems of plane Couette and Poiseuille flows were
studied in /11/ within the framework of the model of MF with internal angular momentum related
to the magnetization. The problem of plane Couette flow was studied within the framework of
the theory of FMF with internal rotation, in /8/. As was noted in /9, 10/, the incremental
increase in the coefficient of viscosity of the fluid in magnetic field in these problems,
described using the model of MF /l11/ and applied to the FMP, differs from the values obtained
in the well-known theory of FMF with internal rotation /7/ by several orders of magnitude.

In this connection we note at once that the equations in /11, 7/ describe different FMF, and
therefore we cannot compare the incremental increase in viscosity given in these papers, as
was done in /9, lo/.

It must be remembered that various types of FMF exist for which the effect of change in
the viscosity in magnetic field is essentially different. For the FMF in which the disperse
ferromagnetic particles have low energy of magnetic anisotropy, in which case the orientation
of the particle and the direction of its magnetic moment are practically unrelated (super
paramagnetism), the effect will be vanishingly small (the change in the value of the coef-
ficient of viscosity will be a fraction of a percent of its value /13/). As we know, such
FMF in quasistationary fields are well-described by the Neuringer-Rosenzweig (NR) eguations
/1/ which do not take into account the change in viscosity in the magnetic field at all. The
model of the FMF in/11/ is a generalization of the NR model, and takes into account the spin-
related internal angular momentum which really exists in FMF. Therefore, the equations of
/11l/ describe the FMF in a quasistationary field, in any case not less accurately than the
NR equations, and can be used to describe the FMF in high-frequency magnetic fields when the
NR equations become inapplicable. 1In the FMF in which the dispersed ferromagnetic particles
are of sufficiently high energy of magnetic anisotropy and the magnetic moments are "frozen"
into these particles, the effect of a change in viscosity in the magnetic field is more
significant, and in some cases it must be taken into account. This is what happens in the
equations used in /8/. However, when using the egquations in /8/, we find that the maximum
increment in the coefficient of viscosity in the Couette problem is small even when the
parameters are optimal {in the limit magnetic field when the magnetic field and the vorticity
vectors are orthogonal and the volume concentration of the particles in the fluid is high
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¢ ~02) and reaches ~20—25% of the value of the coefficient of viscosity. In many cases
(though not always) such FMF can be described by the equations of /1/ with sufficient accuracy.
Thus the crux of the matter is that the incremental increase in the value of the coefficient
of viscosity need only be taken into account for certain types of the FMF in fairly strong
magnetic fields.

In this connection, the use in /8/ of the vector of internal rotation IQ is not essential
for describing the effect of an increase in the viscosity of FMF in a magnetic field, and the
dependence of the increment in the value of the coefficient of viscosity on the coefficient I
in /8/ is only related to the notation of the coefficients in the other (relaxation) terms of
the momentum equation /5/.

Moreover, as we know /14/, the term containing the angular momentum IQ in the momentum
equation in the theory of FMF with internal rotation /7, 8/ can be comparable to the remaining
terms of the momentum equation only at very high frequencies of the magnetic field, when the
equations become inapplicable from the physical point of view (even if because of the need to
take into account the appreciably larger /ll/ spin moment of the domains in the FMF at much
lower frequencies). Therefore, the use of the moment /Q in existing theories /7, 8/ is not
justified, although these theories have achieved a certain limited application.

The problem of taking into account the internal (gyromagnetic) angular momentum of the
FMF was discussed in /10/. The basic assertions made by the authors in /10/, concerning the
internal moments are that the equations of /11/, which take into account only the spin angular
momentum, cannot be used to describe the FMF, since the terms containing the spin moment are
small compared with other terms of the equations, and the attempt to use these equations to
describe the hydrodynamic motion, as was assertgd in /10/, leads to a disagreement with ex-
perimental data of FMF viscosity measurements. Both these assertions are false.

Indeed, when the terms containing the gyromagnetic ratio g are neglected, the equations
with internal moment g 'M (and without taking into account the relaxation of the magnetization
M) discussed in /10/, become in NR equations /1/ which, as we know and as the authors note in
/10/, can be, and in fact are used in practice to describe the FMF. Thus the proof given by
the authors in /10/ implies the opposite, namely that the equations of /4/ can be used to
describe the FMF. As regards the assertions made by the authors in /10/, that the results of
/11/ contradict experimental data on the viscosity of FMF, we should note that the experiments
to which they refer deal with the FMF in which the particles have magnetic moments "frozen
in" and therefore bear no relation to the FMF with "super paramagnetism" described by the
equations of /11/.

It should also be noted that the proof that terms with internal spin moment in the
equations of /ll/ are small, given in /10/, was based on using, in the estimates given, the
characteristic time t~1sec. and internal rotation Q ~1sec”l. It is, however, clear that
the characteristic time in the wave processes in FMF (described by the hydrodynamic equations!)
can be 107!, 10?2 and 10-7 sec. and even shorter, a fact ignored in /10/, where the arguments
are based on the condition that t~1sec. only. The statement in /10/ that they used in
their estimates the same values of the parameters as in /11/, is incorrect: in /11/ a value
of 100 sec~l was adopted for the angular velocity and the domain in FMF, and no estimate was
used at all for the time t.

It is precisely by taking into account the terms with internal moment g'M (which are
indeed small for the values of the parameters used in /10/, but become appreciable in high-
frequency hydrodynamic processes), that the equations discussed in /11/ describe, for example,
the well-known spin waves.

A theory taking into account the internal angular momenta in the mechanics of FMF
(including those connected with iternal rotation), was developed in /3/, and above we have
discussed the high-frequency processes in FMF in which the internal moments must be taken into
account. However, in many hydrodynamic problems the influence of the internal moments is not
important; therefore the relaxation models of FMF in which the internal angular momenta are
not taken into account, but the processes of relaxation of magnetization of the fluid are, are
of interest. Below we consider the relaxation model of MF which is described, in the inertial
Cartesian coordinate system, by the following set of equations:

p (d/dt) (v* — s Yp~2 20t*M) = 8 [— pO*® + <8 - Vg (M*LP — MPL%)) — 5.1)
MM 8%, + Yy (rot* M) v, + s (MM O*H, — H, %M + Q>

rot H = 0, div(H + 4aM) =0
1 1 U )
H“—TM“—Ym“=L“. T=T‘;—W’ ;—‘f+pdxvv=0

aUu U 1 U
P=P G ToM G — g My T =5

ds d 1
TG = = 0t o ey 1 (o gy 5 Mo — [0 M)
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Here U is a given differentiable function of the parameters ¢, s and M = (Jla:ll“)’
System (5.1) is obtained from the variational equation /15/

5 &g AdVadt - 8% 4 81V =0

with the Lagrangian A and functional 8W* of the form
1 1
A =gt — g HE — yM %0 — pU (0, 5, M)

: 1
BW*= SS (pras — P agda, — pLAK— M ) vy dt

and represents a special case of Egs. (1.1}, (1.2).

System {(5.1) is obtained using the variational equation from /3, 5/. ILater, the equations
were derived in /10/ using the energy equation, with the termodynamic fluxes g%, 8, L%
depending linearly on the thermodynamic forces 4,7, eups dM/dt — [e, M} for 7y =0.

The relaxation term L* of the equation for the magnetization, the components of the heat
filux vector ¢* and the components of the viscous stress tensor “ in Egs.{(5.1) gan be
determined using the dissipation function ¢ depending on the thermodynamic forces eapr 05T,
pd (M/p)/dt — e, M], and possibly on other defining parameters of the fluid and field

1 d 1
70 = e g0, T + ey + L* (p 7 5 Moo M]a) .2)
d 1
L* = n,60/8 (p s *E'Ma — [o, M]u)

T = y00/0e,q, ¢ = g 06/30,T

where Ry oy gy are scalar functions of the defining parameters.

1f ¢ is a guadratic function of thermodynamic forces, then Eqs.{5.2) will give the Onsager
relations. In particular, in the simplest case relations (1.3), (1.4) can be used as the
Onsager relations. Further we shall use for 1%, L* a relation of the form

d 1
18 — 2ue®} - A% R, L% = g7f (p T Me—lo M]B) (5.3)
878 = 8(6™% — n®a®) + 8, n%aP

in which A, p are the coefficients of viscosity. The coefficients A, p,8,8; can, in general,
be specified as functions of the defining parameters of the fluid and field.

In the case of an incompressible f£luid the pressure p is regarded as an additional
unknown function, and the equation for p in (5.1) is, in this case, neglected. Egs.(5.1) take
into account the gyromagnetic energy of the fluid, the magnetization relaxation processes,
viscosity and thermal conductivity of the fluid.

The solutions of the Couette and Poiseuille problems obtained below show, that the system
of Egs.(5.1), (5.3) describes the effect of an increase in the viscosity of the fluid in a
magnetic field, and when the coefficients 6 in (5.3) are suitably chosen, the increase in
the coefficient of viscosity is found to be the same as in the theory of FMF with internal
rotation /8/.

6. Couette flow. Let us consider a statiocnary flow of fluid between the planes z*=0,
# = d = const in a given constant external field with induction B°==(B,", B\, By’). The plane #=0
is fixed, and the plane 2*=4d moves with constant velocity v= (24,0 0), @, = const. When ¢%* =0,
Egs. (5.1) and (5.3) and the boundary conditions {the condition of adhesion of the fluid and
the known condition for the magnetic field) are satisfied,if we put M* = comst in the region
0<a3<d and

v= (20423, 0, 0), H = (B,°, By®, By® — 4aMs)

The equation for magnetization in (5,.,1) is transformed, in the present case, to an
algebraic equation, from which we obtain, up to terms of the first order of smallness in @df,
assuming that the dimensionless parameter o8 is small,

M% = yH® 4 0y [0, HI® — yyo*

Detexmining the components of the force vector f, acting on the plane z*=10, we find that
f' = 2uew,, where we have the following expression for the effective coefficient of viscosity
He 3

Re = W+ Y (x2H?0 sin® & 6.1y

Here a is the angle between the vorticity vector and the magnetic field vector H.

7. Poiseuille flow. Let us consider a stationary flow of fluid in a cylindrical pipe
of circular cross-section of radius R, made of a non~magnetic material, under the action of a
pressure drop, in a constant magnetic field Ho directed along the pipe axis. We introduce
a cylindrical system of ¢oordinates r, ¢,z attached to .the pipe, and we shall seek a solution
of Egs.(5.1) and (5.3) for Q*=0 in the form of expansions in terms of the dimensionless
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parameter e = —!/,pR%%p/dz, assuming that & is small
v=rve e+ ..., M= Mg+ Mg+ Mpe? + . .. (7.1)
Taking into .account terms of the second order of smallness in e, we obtain from (5.1),
(5.3) the following equations for determining the functions v, M:

] 1 28

pwv‘z—-THo(i—{-hx)M{:—P%-r a.2)
d 1 1 4

(G ue = o) = (2amit gy o)

1 4
M =5y gu®

! xy ( 0vs® v“’) X0 r v’
My’ ( H" 6Mn)——2_( Fri e e M’ ar T
1
= m— [ )’+ (M9

1+ dn
"' e A 8wy drvl_O

Egs.(7.1), (7.2) have the following solution satisfying the condition of adhesion of the
fluid at the pipe walls:

1 Y —B)
vr=0,_vz=—4Tl:(r’—R’)a—f, v =W(%)r(r’—m)
w o o e 1 MR p
™ STH (AN g, 0z
(8ploz)? 1 oy [ ¥ (B, —B)?
= yHy -+ i——HoaxlaMo {if W;‘( 1607 + HA (LAt B ) -

Here pe= pn-+4Y X7 1is the effective coefficient of viscosity (identical with expression
(6.1), since we have here o = a/2 to within the degree of accuracy used).

The solution shows that when the gyromagnetic energy (at y=0) is taken into account,
the magnetized fluid executes a screw motion within the pipe. The rate of fluid flow is
described by the usual relation of the Navier-Stokes theory of a viscous fluid in which the
coefficient of viscosity p is replaced by the effective coefficient p..

We note that an estimate of the terms with coefficient y in the solutions obtained above
shows that in the case of real fluids these terms are, in general, small, and their influence
on the flows discussed here can be disregarded in practice. However, these solutions with
small terms containing v describe effects (e.g. the magnetization of the fluid determined
by the vorticity) which can be utilized in the experimental determination of the quantity v.
On the other hand, it is clear that hydrodynamic problems exist (e.g. those connected with
supersonic waves), in which the terms with y are appreciable.

The form of the dependence of the magnetization relaxation time 0 in formula (6.1) on the
defining parameters, and in particular on the magnetic field, must be chosen by comparing it
with the experimental relation p, = p. (H). In particular, formula (6.1}, which can be applied
to the FMF already when O = const, describes the saturation of the viscosity in FMF in strong
magnetic fields, whose magnitude corresponds exactly to the experimental value when the
constant 6 is chosen approximately (in the FMF the relaxation time 0 is determined by the
characteristic rotational Brownian diffusion of the particles in the FMF, and for particles
of diameter ~100A in a fluid of viscosity ~10% poise it is of the order of ~10" sec.).
when the magnetic fields are weak, formula (6.1) at 0= const describes quantitatively correctly,
in any case, existing experimental data /16-18/. A quantitative comparison with these ex-
periments in the region of weak fields is difficult, since /16-18/containnodirect experimental
data showing the dependence of the magnetization of the FMF on the field. We also note that
the formula in /8/ for pe can also be obtained from (6.1) by choosing, in an appropriate
manner, the dependence of 6 on the field. However, according to /17, 18/ the relation for
Me shows a poor agreement with experiment (the particle concentrations used in /8/ to obtain
the correct values of p. in the region of saturation, do not correspond to the actual con-
centrations).
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ON THE PAPER BY V,A. ZHELNOROVICH ENTITLED
“ON MATHEMATICAL MODELS OF MAGNETIC FLUIDS""

V.V. GOGOSOV

The paper by V.V. zZhelnorovich /1/ consists of two parts. In the first part equations
are given for describing magnetic fluids (MF), which are not basically different from the well-
known eugations /2-4/. The system is linearized and a solution is sought for the propagation
of monochromatic waves. In the second part of the paper (Sect.5) an attempt is made to reply
to a criticism which appeared in the review /4/ and in /3/, concerning the paper by Zhelnorovich
/5/. Further, another model of MF is described in Sect.5, different from that given in Sect.l
of /1/, and is used to solve the Couette and Poiseuille problems. In doing this he not only
repeats the errors already discussed in /3, 4/, but he also makes further errors, which will
be discussed in the present paper.

The interest in describing the behaviour of magnetizable fluid media in nagnetic fields
is primarily connected with producing MF and practical applications of MF, which are colloidal
solutions of fine ferromagnetic particles.

It would seem that the simplest way of describing the behaviour of MF would be to use
the normal equations of hydrodynamics with an additional force MVH acting on the fluid from
the direction of the magnetic field H. The magnetization M can, in most cases, be assumed
to be parallel to the magnetic field M = xH. Precisely such a model was proposed in /6/. It

satisfactorily describes many phenomena and is widely used in practice.
*prikl.Matem.Mekhan.,51,4,700-703,1987




